Abstract. Let (R, m) be a Cohen-Macaulay local ring of dimension one and assume that R possesses a canonical ideal K R . Let I be a faithful ideal of R. We explore the problem of when I ⊗ R I ∨ is torsionfree, where I ∨ = Hom R (I, K R ). If the multiplicity of R with respect to m is at most 4, or if mR ⊆ R where R stands for the integral closure of R in its total ring of fractions, then I ∼ = R or I ∼ = K R as an R-module, once I ⊗ R I ∨ is torsionfree. Applying this result together with other ones to Gorenstein numerical
Conjecture 1.1 classically holds true, when R is integrally closed ([1, Proposition 3.3]).
C. Huneke and R. Wiegand [10] proved that it is true, if R is a hypersurface. They showed also that Conjecture 1.1 is reduced to the case where dim R = 1. The problem is, however, still open in general, and no one has a complete answer to the following conjecture 1.2, even in the case where R is a complete intersection, or in the rather special case where R is a numerical semigroup ring over a filed; see [2, 6, 7, 8] . The reader may consult [4, 11] for the recent major progress on numerical semigroup rings. Conjecture 1.2. Suppose that R is a Gorenstein local integral domain of dimension one and let I be an ideal of R. If I ⊗ R Hom R (I, R) is torsionfree, then I is a principal ideal.
In this research we are deeply interested in the question of what happens if we replace Hom R (I, R) with Hom R (I, K R ), where K R stands for the canonical module of R. Our working hypothesis of this moment is the following conjecture 1.3. One of the advantages of such a modification is the usage of the symmetry between I and Hom R (I, K R ) and the other one is the possible change of rings (see Proposition 2.3). Of course, when the base ring R is Gorenstein, Conjecture 1.2 is the same as Conjecture 1.3, since K R ∼ = R as an R-module. Conjecture 1.3. Let R be a Cohen-Macaulay local ring of dimension one and assume that R possesses the canonical module K R . Let I be a faithful ideal of R. If I ⊗ R Hom R (I, K R ) is torsionfree, then I ∼ = R or I ∼ = K R as an R-module.
We should note here, in advance, that Conjecture 1.3 is not true in general; later we shall give a counterexample. Nevertheless, the inquiry into the truth of Conjecture 1.3 has made a certain amount of progress also in the study of Conjecture 1.2, which we are eager to report in this paper.
Let us now state our achievements, explaining how this paper is organized. The following is the heart of our paper, which leads to Corollary 1.5 of higher dimension. Theorem 1.4. Let (R, m) be a Cohen-Macaulay local ring of dimension one and assume that R possesses a canonical ideal K R , that is a fractional ideal of R isomorphic to the canonical module of R. Suppose that e(R) ≤ 4 or mR ⊆ R, where e(R) and R denote, respectively, the multiplicity of R with respect to m and the integral closure of R in its total ring of fractions. Let I be a faithful ideal of R. If I ⊗ R Hom R (I, K R ) is torsionfree, then I ∼ = R or I ∼ = K R as an R-module. Corollary 1.5. Let R be a Cohen-Macaulay local ring with dim R ≥ 1 and assume that for every p ∈ SpecR with dim R p = 1, R p is a Gorenstein local ring with e(R p ) ≤ 4. Let I be a faithful ideal of R. If I ⊗ R Hom R (I, R) is reflexive, then I is a principal ideal.
We shall prove Theorem 1.4 and Corollary 1.5 in Section 3. Section 2 is devoted to some preliminaries, which we need to prove Theorem 1.4 and Corollary 1.5.
In Section 4 and partly in Section 3 we study numerical semigroup rings. Let k be a field and V = k [[t] ] the formal power series ring over k. Let 0 < a 1 < a 2 < · · · < a ℓ be integers such that gcd(a 1 , a 2 , . . . , a ℓ ) = 1 and let
be the numerical semigroup generated by a
and call it the semigroup ring of H over k. With this notation, as a consequence of Theorem 1.4, we get the following, which we shall prove in Section 3.
and I an ideal of R. If the R-module I ⊗ R Hom R (I, R) is torsionfree, then I is a principal ideal.
We notice that Theorem 1.6 gives a new class of Gorenstein local integral domains for which Conjecture 1.2 holds true. The ring R given in Theorem 1.6 is a Gorenstein local ring which is not a complete intersection, if a ≥ 5 (see Example 3.7).
In Sections 4 and 5 we study monomial ideals, that is the ideals generated by monomials in t. The main result is the following, which covers [6, Main Theorem] in the case where R is a Gorenstein ring.
] be a numerical semigroup ring over a field k and assume that e(R) ≤ 7. Let I ( = (0)) be a monomial ideal of R.
Unfortunately, Theorem 1.7 and hence Conjecture 1.3 are no longer true, when e(R) = 9 (see Example 7.1). We are still not sure whether the assertion stated in Theorem 1.7 is true in general, when e(R) = 8. We actually have monomial ideals I in several numerical semigroup rings R with e(R) = 8 that satisfy the equalities
where µ R ( * ) stands for the number of generators, but as far as we know, the R-modules I ⊗ R Hom R (I, K R ) do have torsion for those ideals I.
In Section 6 we note a basic method to compute the torsion part T(I ⊗ R J) of I ⊗ R J for some ideals I, J in R, which we shall apply in Section 7 to explore concrete examples.
In what follows, unless otherwise specified, let R be a Cohen-Macaulay local ring with the maximal ideal m. We set F = Q(R), the total ring of fractions of R. For each finitely generated R-module M, let µ R (M) and ℓ R (M) denote, respectively, the number of elements in a minimal system of generators of M and the length of M.
Change of rings
The purpose of this section is to summarize some preliminaries, which we need throughout this paper as well as for the proof of Theorem 1.4.
Let R be a Cohen-Macaulay local ring with the maximal ideal m and dim R = 1. Let F = Q(R) stand for the total ring of fractions of R and let F denote the set of fractional ideals I of R such that F I = F . Assume that R possesses a canonical ideal K R , that is a fractional ideal of R which is isomorphic to the canonical module of R. This condition is equivalent to saying that Q( R) is a Gorenstein ring ([9, Satz 6.21]), where R denotes the m-adic completion of R.
Let I ∈ F and I ∨ = Hom R (I, K R ). Let
is commutative where ι : K R → F is the embedding, so that Ker α = Ker t. Hence the torsion part T(I ⊗ R I ∨ ) of the R-module I ⊗ R I ∨ is given by
and we get the following.
Lemma 2.1. The R-module I ⊗ R I ∨ is torsionfree if and only if t :
follows. Remember that B = I : I forms a ring which is a module-finite extension of R. We now take an arbitrary intermediate ring R ⊆ S ⊆ B. Hence I is also a fractional ideal of S. Set K S = K R : S and remember that a = K R : (K R : a) ([9, Definition 2.4]). Then since K R : a = B, we get
Let us consider the commutative diagram
where ι : a → K S is the embedding and ρ : I ⊗ R I ∨ → I ⊗ S Hom S (I, K S ) denotes the R-linear map defined by ρ(x⊗f ) = x⊗f for all x ∈ I and f ∈ I ∨ . Suppose that I ⊗ R I ∨ is torsionfree. Then since the map t : I ⊗ R I ∨ → a is bijective by Lemma 2.1, the map
is also torsionfree, because the map t S : I ⊗ S Hom S (I, K S ) → K S is injective. Thus we get the following, where the last assertion comes from the fact that a = K B .
Lemma 2.2. Suppose that I ⊗ R I ∨ is torsionfree. Then I ⊗ S Hom S (I, K S ) is a torsionfree S-module and the canonical map ρ : I ⊗ R I ∨ → I ⊗ S Hom S (I, K S ) is bijective. In particular, if we take S = B, then the map
is an isomorphism of B-modules.
The following is the key in our argument.
Proposition 2.3 (Change of rings). Let I ⊗ R I
∨ be torsionfree and assume that there exists an intermediate ring R ⊆ S ⊆ B such that I ∼ = S or I ∼ = K S as an S-module.
Proof. Suppose that I ∼ = S as an S-module and consider the isomorphisms
of R-modules. We then have
Suppose that I ∼ = K S as an S-module. Then because S ∼ = Hom S (K S , K S ) ([9, Bemerkung 2.5]), we get the isomorphisms
We close this section with the following result of the case where I is an m-primary ideal of R.
Corollary 2.4. Let I be an m-primary ideal of R and assume that I 2 = aI for some a ∈ I. If I ⊗ R I ∨ is torsionfree, then I = aR.
Proof. We have a −1 I ⊆ I : I = B, since I 2 = aI. Therefore I ∼ = B as a B-module,
Thus I ∼ = R as an R-module, thanks to the proof of Proposition 2.3. Hence I = aR, because B = R.
Proof of Theorem 1.4
The purpose of this section is to prove Theorem 1.4. We maintain the notation and terminology in Section 2.
Let us begin with the following.
Theorem 3.1. Let (R, m) be a Cohen-Macaulay local ring of dimension one, possessing a canonical ideal K R . Assume that e(R) ≤ 4 where e(R) denotes the multiplicity of R with respect to m. Let I be a faithful fractional ideal of R. If I ⊗ R I ∨ is torsionfree, then I ∼ = R or I ∼ = K R as an R-module.
Proof. Enlarging the residue class field if necessary and passing to the completion, we may assume without loss of generality that R is m-adically complete, possessing the infinite residue class field. Let B = I : I. Then since B is a module-finite extension of R and R is complete, we get the decomposition
where MaxB denotes the set of maximal ideals in B. Since I ⊗ B Hom B (I, K B ) ∼ = K B by Lemma 2.2, for each n ∈ MaxB we get an isomorphism
. We choose f ∈ m so that m n+1 = f m n for some n ≥ 0 (this choice is possible, because the field R/m is infinite) and set Q = f R. Then since Q is a reduction of m, we have
, where e 0 Q (M) denotes, for each finitely generated R-module M, the multiplicity of M with respect to the parameter ideal Q of R. Therefore, since
we have e(B n ) ≤ 4 for each n ∈ MaxB, whence µ Bn (K Bn ) ≤ 3, because
by the isomorphism (♯) above, we see
which yields similarly as in the proof of Proposition 2.3 that for each n ∈ MaxB
Hence Proposition 2.3 completes the proof of Theorem 3.1 modulo the following. Claim 1. One of the following two cases occur.
(1) I n ∼ = B n for every n ∈ MaxB; hence I ∼ = B as a B-module.
(2) I n ∼ = K Bn for every n ∈ MaxB; hence I ∼ = K B as a B-module.
Proof of Claim 1. Assume the contrary. Hence the ring B is neither local nor Gorenstein. We choose n 1 ∈ MaxB so that B n 1 is not a Gorenstein local ring. Then e(B n 1 ) ≥ 3 (remember that B n 1 is a hypersurface, if e(B n 1 ) ≤ 2). Let n 2 ∈ MaxB such that n 2 = n 1 . Then since 4 ≥ n∈MaxB e(B n ) ≥ e(B n 1 ) + e(B n 2 ) ≥ 4, we see MaxB = {n 1 , n 2 }, e(B n 1 ) = 3, and e(B n 2 ) = 1. Hence B n 2 is a Gorenstein ring, so that I n 2 ∼ = B n 2 ∼ = K Bn 2 . Therefore if I n 1 ∼ = B n 1 , then I n ∼ = B n for all n ∈ MaxB and if I n 1 ∼ = K Bn 1 , then I n ∼ = K Bn for all n ∈ MaxB, which is a contradiction. Proof. We may assume the residue class field of R is infinite. Because R is a modulefinite extension of R, the m-adic completion R of R is a reduced ring. We may assume that I is an ideal of R. Choose f ∈ m and g ∈ I so that mR = f R and IR = gR (these choices are possible, since R is a principal ideal ring and the residue class field of R is infinite). Then, because g is invertible in Q(R) and f R ⊆ Hence m 2 = f m, because m = mR = f R. We set S = R/I and n = m/I. Then
where r = µ R (I). On the other hand, taking K R -dual of the short exact sequence
we get an epimorphism The ring R in the following is a Cohen-Macaulay local ring of dimension one and mR ⊆ R.
Corollary 3.4. Let (S, n) be a regular local ring with n = dim S > 0 and a regular system x 1 , x 2 , . . . , x n of parameters. For each 1 ≤ i ≤ n we set
and consider the ring R = S/ n i=1 p i . Let I be a faithful ideal of R. If I ⊗ R Hom R (I, K R ) is torsionfree, then I ∼ = R or I ∼ = K R as an R-module.
Let us consider numerical semigroup rings.
be the semigroup ring of the numerical semigroup H = a, a + 1, . . . , 2a − 1 over a field k, where t is an indeterminate. Let I = (0) be an ideal of R. If I ⊗ R I ∨ is torsionfree, then I ∼ = R or I ∼ = K R as an R-module.
Proof. The assertion follows from Theorem 1.4, because R = k[[t]] and mk[[t]] = m.
be the semigroup ring of the numerical semigroup H = a, a + 1, . . . , 2a − 2 over a field k and let I be an ideal of R. If I ⊗ R Hom R (I, R) is torsionfree, then I is principal.
Proof. The ring R is Gorenstein with R : m = R + kt 2a−1 . We consider the ring B = I : I. Suppose that µ R (I) > 1. Then R B, since I ⊗ B Hom B (I, K B ) ∼ = K B by Lemma 2.2 (in fact, if B = R, then I is invertible, so that it has to be principal). Consequently t 2a−1 ∈ B, whence
Thus the S-module I ⊗ S Hom S (I, K S ) is torsionfree by Lemma 2.2 and hence, thanks to Corollary 3.3, I ∼ = S or I ∼ = K S as an S-module. Therefore I ∼ = R by Proposition 2.3, which is impossible. 
, and ϕ(W ) = t 8 .
so that µ P (Ker ϕ) = 5.
We close this section with the following, which is an expected version of higher dimension.
Corollary 3.8. Let R be a Cohen-Macaulay local ring with dim R ≥ 1 and assume that for every p ∈ SpecR with dim R p = 1, R p is a Gorenstein local ring with e(R p ) ≤ 4. Let I be a faithful ideal of R. If I ⊗ R Hom R (I, R) is a reflexive R-module, then I is principal.
Proof. Assume the contrary and choose a counterexample R so that d = dim R is the smallest among such counterexamples. Then d ≥ 2 by Corollary 3.3. Let p ∈ SpecR such that p = m. Then because I p is a faithful ideal of R p and the R p -module
Therefore by [3, Theorem 3.4 ] I must be a free R-module, which is absurd.
Numerical semigroup rings and monomial ideals
We now focus our attention on numerical semigroup rings. First of all let us fix our notation and terminology.
Setting 4.1. Let 0 < a 1 < a 2 < · · · < a ℓ be integers such that gcd(a 1 , a 2 , . . . , a ℓ ) = 1.
where
] is the formal power series ring over a field k. We denote by m = (t a 1 , t a 2 , . . . , t a ℓ ) the maximal ideal of R. Let c = R : V and c = c(H), the conductor of H, whence c = t c V . We put a = c − 1. Let F be the set of non-zero fractional ideals of R.
Notice that R is a Cohen-Macaulay local ring with dim R = 1 and V the normalization. We have e(R) = a 1 = µ R (V ). Definition 4.2. Let I ∈ F . Then I is said to be a monomial ideal, if there exists a subset Λ of Z such that I = n∈Λ Rt n .
We denote by M the set of monomial ideals I ∈ F . It is standard to check that I + J, IJ, I ∩ J, I : J ∈ M, if I, J ∈ M. Let I ∈ M. Then one can choose a finite subset Λ of Z so that {t n } n∈Λ forms a minimal system of generators of I. Naturally such a subset Λ of Z is uniquely determined by I. We are going to explore Conjecture 1.3 on I. For the purpose, passing to the monomial ideal t −d I with d = min Λ, we may assume R ⊆ I ⊆ V without loss of generality. Remember that
by [5, Example (2.1.9)]. Hence K R ∈ M with R ⊆ K R ⊆ V as well, and for each n ∈ Z we get a − n ∈ H if and only if t n ∈ K R . For the rest of this section, we assume that e = a 1 ≥ 2. Let α i = max{n ∈ Z \ H | n ≡ i mod e} for each 0 ≤ i ≤ e − 1 and set S = {α i | 1 ≤ i ≤ e − 1}. Hence α 0 = −e, ♯S = e − 1, a = max S, and α i ≥ i for all 1 ≤ i ≤ e − 1. Let I ∈ M such that R ⊆ I ⊆ V and put J = K R : I ( ∼ = I ∨ ). Hence J ∈ M and J ⊆ K R ⊆ V . We now assume that the canonical map
We put µ R (I) = r + 1, µ R (J) = s + 1 (r, s ≥ 0) and write
and {t c i +d j } 0≤i≤r, 0≤j≤s is a minimal system of generators of K R (remember that µ R (K R ) = (r + 1)(s + 1)), so that t cr+ds ∈ I ∪ J when r, s > 0.
Proof. Suppose that r, s > 0. Then
Because of the uniqueness of minimal systems of generators of the form {t n } n∈Λ for a given monomial ideal, by Fact 4.3 the
Suppose that α ≡ α k mod e for some 1 ≤ k ≤ e − 1. Then since α ∈ H but α k ∈ H, we get α = α k + en for some n ≥ 1, so that a ≤ α k < α = b − c i , because b = min S. This is impossible. Therefore α ≡ 0 mod e. We similarly have β ≡ 0 mod e, whence c i ≡ d j mod e, which implies t c i ∈ Rt d j or t d j ∈ Rt c i . This is also impossible, because {t c i , t d j } is a part of a minimal system of generators of K R . Thus r = 0 or s = 0, whence I ∼ = R or I ∼ = K R as an R-module.
Corollary 4.5. Suppose that µ R (m) = e. Then I ∼ = R or I ∼ = K R as an R-module. Lemma 3.1]) . Consequently, as ♯S = e − 1, by Fact 4.3 {t a−s } s∈S is a minimal system of generators of K R , so that mt b ⊆ R as required.
The condition t b ∈ R : m does not imply that µ R (m) = e, as the following example shows.
Remark 4.6. Let H = 7, 22, 23, 38, 40 . Then S = {15, 16, 18, 33, 41}. We have a = 41, b = 15, and m·t 15 ⊆ R, but µ R (m) = 6 < e = 7.
We conclude this section with the following. 
Proof. We may assume that e = a 1 > 1 and that R ⊆ I ⊆ V . We set B = I : I. Then B is also a numerical semigroup ring over k and
If e(B) ≤ 4, the assertion follows from Proposition 2.3 and Theorem 3. Suppose µ B (K B ) = 4. Then B has the maximal embedding dimension in the sense of Sally [12] . To see this, set f = t 5 and let n denote the maximal ideal of B. Then because n = f B, we have
so that f B : n = n as µ B (K B ) = e(B) − 1 = 4, which readily yields n 2 = f n, because f ∈ n 2 . Thus by Corollary 4.5, I ∼ = B or I ∼ = K B as a B-module and therefore by Proposition 2.3, I ∼ = R or I ∼ = K R as an R-module.
The case where e(R) = 7
In this section we explore two-generated monomial ideals in numerical semigroup rings. We maintain Settings 4.1. Let I be a monomial ideal of R such that R ⊆ I ⊆ V and set J = K R : J. Suppose that µ R (I) = µ R (J) = 2 and write
We now assume the following.
Hence K R = (1, t c 1 , t c 2 , t c 1 +c 2 ) and 1, t c 1 , t c 2 , t c 1 +c 2 forms a minimal system of generators of K R . Observe that Condition 5.1 is satisfied, if the map t : I ⊗ R I ∨ → K R is an isomorphism. We set c 3 = c 1 + c 2 . Then thanks to Fact 4.3, we may choose
We begin with the following.
Lemma 5.2. The following assertions hold true.
(
Proof.
(1) This is clear.
(2)(3) Since t c 1 ∈ J = K R : I, we have t c 1 I ⊆ K R . Therefore by Fact 4.3 we see
We similarly have
Since t c 1 +c 2 / ∈ J, we have t 2c 1 +c 2 ∈ K R . Hence
Since I = K R : (K R : I) = K R : J, we have a complete symmetry between I and J. Therefore without loss of generality we may assume that 0 < c 1 < c 2 . Hence
Lemma 5.3. The following assertions hold true. Proof. Since 4 = µ R (K R ) ≤ e(R) − 1, we have e = e(R) ≥ 5. We consider the following numbers
Therefore these numbers are distinct mod e. Because these three numbers are less than b 3 , the numbers
Suppose that e = 7. Then 2b 2 − a ≡ 2b 1 − a mod 7. Lemma 5.3 (1) shows that
We have by Lemma 5.3 (2) that b 2 + b 3 − a ≡ 2b 1 − a mod 7, which guarantees the following eight numbers
. This is absurd. Hence e = a 1 ≥ 8.
The goal of this section is the following, which covers [6, Main Theorem] in the case where R is a Gorenstein ring.
] be a numerical semigroup ring over a field k and suppose that e = a 1 ≤ 7. Let I be a monomial ideal of R. If I ⊗ R I ∨ is torsionfree, then I ∼ = R or I ∼ = K R as an R-module.
Proof. Passing to the ring B = I : I, we may assume that the canonical map t : I ⊗ R Hom R (I, K R ) → K R is an isomorphism. Suppose that I ∼ = R and I ∼ = K R . Then because 4 ≤ µ R (I)·µ R (Hom R (I, K R )) = µ R (K R ) ≤ e(R) − 1 ≤ 6, we have µ R (K R ) = 4 and µ R (I) = µ R (K R : I) = 2, which violates Theorem 5.4.
Corollary 5.6 ([6, Main Theorem]). Let R be a Gorenstein numerical semigroup ring with e(R) ≤ 7 and let I be a monomial ideal in R. If I ⊗ R Hom R (I, R) is torsionfree, then I is a principal ideal.
How to compute the torsion part T(I ⊗ R J)
Let R be a Cohen-Macaulay local ring of dimension one and F = Q(R) the total ring of fractions. In this section we note a naive method to compute the torsion part T(I ⊗ R J) of the tensor product I ⊗ R J for fractional ideals I, J of R, where I is assumed to be two-generated. We need the method in Section 7 to explore some concrete examples.
Let f ∈ F and assume that f ∈ R. Let I = (1, f ) (= R + Rf ) and choose a non-zerodivisor ρ ∈ R so that ρI ⊆ R. We set I ′ = ρI,
and R : I = {x ∈ F | xI ⊆ R}.
Remember that R : I is also a fractional ideal of R and R : I ∼ = Hom R (I, R) as an R-module. For every fractional ideal J of R we compute the torsion part T(I ⊗ R J) of I ⊗ R J.
Let ε : R 2 → I be the R-linear map defined by ε( a b ) = a + bf for a b ∈ R 2 . We then have the following. 
where the first row is exact and induced from the short exact sequence 
